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The Formula

@ Objective: Find the length of a polar curve described by r» = f(6), a <8 <b.

@ Theorem: If a curve C is described by the parametric equations = = f(t),
y=g(t), a <t <b, where f' and ¢’ are continuous on [a,b] and C is traversed
exactly once as ¢ increases from a to b, then the length of C is

= [ )

@ Write the parametric equations of the polar curve:

z=rcosf = f(f)cosf  y=rsinfd = f(0)sind
@ Differentiate these expressions with respect to 6.

d d d d
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The Formula (Continued)

@ Consider the sum of the squares of these two terms.

dz\? dy\ > dr\? 2 dr 2 2
—_— _— = —_— —2 A i i
<d6> + (d@) (d@) cos” 0 " cos@sin @ + r~sin” f
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The Formula (Continued)

o If f"is continuous:

e [ - (@)

@ Using the equality, the length of a curve described by the polar equation
r=f00),a<0<bis

b 2

dr

= 2 —_
/a r +(d9) df
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Example 1 The Shape of my Heart
Find the length of the cardioid described by » =1 — sin 6. J

Solution

Here is a graph of the cardioid.

The compete graph is traced out for 0 < 6 < 2.
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Solution (Continued)

dr
= 1 — si _— = —
r sinf = 20 cos

27
de = V(1 —sinf)2 + (—cosh)2 db
0

27
= \/1—2Sin9+sin29+00520d6
0

2
= V2 —2sin6df

0
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Solution (Continued)

content_|

\12—2- siniti ds
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Example 2 Closer to the Heart
Consider the graph of the polar curve described by

_sinOvicosbl o iipia 0<b<2n
sin@ + (7/5)

(a) Sketch the graph of the polar equation.

(b) Find the length of the curve described by the polar equation.
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Example 3 The Lengths

Find the length of the curve described by the polar equation.

(a) r=3cosf, 0<0<m
(b) r=3% 0<6<2r
(c)r=6% o0<6<2r

(d) r=3+2cosf, 0<6<2r
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