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Calculus Exam
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4. A cylindrical barrel with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The

water drains out through a valve (not shown) at the bottom of the barrel. The rate of change of the height & of

dh 1
the water in the barrel with respect to time ¢ is modeled by o =— Eﬁ , where / is measured in feet and

t is measured in seconds. (The volume V of a cylinder with radius r and height 4 is V = 7tr2h.)

Source: 2019 AP Calculus AB and BC Free-Response Questions
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2019 AP Calculus Exam

(a) Find the rate of change of the volume of water in the barrel with respect to time when the height of the
water is 4 feet. Indicate units of measure.

(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time
increasing or decreasing? Explain your reasoning.

(c) Attime 7 = 0 seconds, the height of the water is 5 feet. Use separation of variables to find an expression
for 4 in terms of 1.

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.
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2019 AP® Calculus Exam
dh

@ V=nm?h=r(yh=rh 2:{1:{;;—7111,[
ﬂ‘ - ( —J4 ) -= cublc feet per second 1 - answer with units
dt |4 dt )_4
()dh__#ﬁ 1 ( 1J—) 1:1(_L ):_L
dr? 20k dt 20Nk 200 dh\ 10 20v7
s 1 3i9 .4 ___ 1 dh
ecause — ) =300 > 0 for & > 0, the rate of change of the R 20vh di
height is increasing when the height of the water is 3 feet. 1 - answer with explanation
Source: 2019 AP Calculus AB and BC Free-Response Questions
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Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.

Reproduced with permission. http://apcentral.collegeboard.com.

Calculus Exam

1 : separation of variables
1 : antiderivatives
4: < 1: constant of integration
and uses initial condition
1: h(t)

Note: 0/4 if no separation of variables

Note: max 2/4 [1-1-0-0] if no constant
of integration
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Student Performance
Part (a)

@ Many students recognized that this was a related rates problem.
However, some were not able to correctly differentiate mr2h with respect to t.

e Common errors:
Radius = 2 (instead of 1)
Derivative of mr2h with respect to t: 27r4" or 2mrh+ mr? 9t
Use of an incorrect strategy involving proportions: r = %
Part (b)
1 _
@ Many students evaluated _E\/E for h = 3.

@ Some students only differentiated —1—10\/5 with respect to h;
no chain rule.
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2019 AP® calculus Exam

Student Performance
Part (c)

@ Many students correctly separated the variables, and integrated both sides.

@ Most students correctly included a constant of integration.

@ Common errors:

/—dh Vh

t 2
v 2
( 20 +C> a0 H¢
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2019 AP® Calculus Exam

Part (a) 1: %:ﬂ%

These expressions earn the first point.

o m(1)? dh dh (—%\/Z)

a Tar 0
d dh
@ 2mrh d—: + 7r? % orhr!' + w2k
dh dh dh
1= 227 227
el Tw @G
o | — L vh wdh
10
° { v :dh47rh 4m — alone not sufficient
471' dt
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2019 AP® Calculus Exam AB-4/BC-4: Briefing

. dv _ _dh
Part (a) 1: - =75

These expressions do not earn the first point.

dh

2rrh e

@ 2mrh + mr L
dh
QU —
° ﬂrdt

Part (a) 1: answer with units

Must be our answer with correct units.

: 3.14 _.
° —% ft® /sec - ft? /sec OK

@ Bald answer: 0 -0

@ Some reasonable work and answer with units: 0 -1
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2019 AP® Calculus Exam

Part (a) Examples

dh 1,

(1) W% W—gft /SeC
1 1

(2) —E\/Z — g ft /SeC

(3) V=rh %zﬂ(%ﬁ)

10
V4 T .3
v e Ty
(5) 10 s ft /sec

av 1 3
E_W(_E\/ZQ ft” /sec 1-1
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.4 (_1 =—-_1_
Part (b) 1: g ( i h) =~k

This is a power rule point.

_1 1 - ih_; _ 1
2 10vh 20 20V/3
2
Part (b) 1: %g = -ﬁ . %

This is a chain rule point.

These expressions earn the first two points.

1 —-1vh 1 —1v3 1 —1V3
C20vhE 10 C20v3 10 S 20vhE 10
1 -k 0-1
20vh 10
_L._l\/ﬁ 0-1
10vh 10
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2019 AP® Calculus Exam AB-4/BC-4: Briefing

Part (b) 1: answer with explanation

Eligibility: Earned the second point and the second derivative appears.

Answer: increasing or consistent

Explanation means supporting work.

_ 2
) 1 1 1Wh d2h

200 20vh 10 d?

(2) Second derivative positive

>0

dh
(3) Derivative of T is positive
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2019 AP® Calculus Exam

Part (b) Examples

(1) @h_ ! ~LVh increasin
i~ 20vh 10 g

(2) @h_ 1 ~LVh decreasin
2 20v/h 10 &

(3) @h ! dh increasin
a2 20vh dt &
1 dh
HH == —> inc.

) 20Vh dt
1 —1

5) ——— . -

RASTNART

Increasing because the second derivative > 0
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2019 AP® Calculus Exam

Part (c) 1: separation of variables

(2) dh10h™Y/2 = —qt

y Ldn_ 1
Vhdt 10

1 1

@ [ 5]
1 1

®) =10

3

1
(6) dh = —Eﬁdt

0/4
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2019 AP® Calculus Exam

Part (c) 1: antiderivatives

Eligibility: h=1/2dh = kdt where k=+L, +1, +10

1 1

2\/_——1—016 1-1
(2) N A—

e dh=

Wh=—t 0-1
(3) 2\/__——t 1-1
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2019 AP® Calculus Exam AB-4/BC-4: Briefing

Part (c) 1: constant of integration and uses initial condition

Eligibility:
(1) At least one of the antiderivatives correct

(2) h is not logarithmic nor linear
(3) + C must be timely
(4)

4) t =0 and h =5 used before any bad algebra
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Part (c) Examples

2019 AP® Calculus Exam

—20vVh =t +C —20Vh =t +C
Vh=-L+C Vh=—-4+C
h=(-5+C) h=1stC
VE=C 1-1-1-? | 5=C 1-1-0-0
[ =~ [ e [ =~ [ g
Vh=—-kt+C Invh=—-kt+C
V5 =C 1-0-1-0 | Vh=e w0t 4+ C
VE=e 10 4 C 1-0-0-0
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Part (c) 1: h()

h(t) is an expression for h in terms of t.

The expression must be our answer only.

Some expressions that earn the point:

This expression does not earn the point:

—20vh —20V5 =t
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2019 AP® Calculus Exam

Part (c) Examples

—20vVh =C +1t —20vVh =t+C

Vh=C-4 Vh=—5+C

h=(C— %) h=1stC

Vb=C =C

(V34 51)° 1-1-1-1]|h(t)=4£5+5 1-1-0-0
Wh=-L+C [ 2 dh= [ {5t

2V5=-2+C Vh=Lt+C

2Vh=-%+2V5 VE=0+C

Vh=—4+V5 h=(Lt+V5) 0-0-1-0
B VR 1-1-1-0
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